Abstract-Let m ≥ 3 be an odd integer and p be an odd prime. In this paper, a number of classes of three-weight cyclic codes C (1,e) over F p , which have parity-check polynomial m 1 ( In the case of p = 3 and even e satisfying the above condition, the dual of the cyclic code C (1,e,s) has optimal minimum distance.
In the case of p = 3 and even e satisfying the above condition, the dual of the cyclic code C (1,e,s) has optimal minimum distance.
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I. INTRODUCTION

L
ET p be a prime, m be a positive integer and q = p m . Let F q denote the finite field with q elements and F * q = F q \ {0}. A linear [n, κ, ρ] code C over F p is a κ-dimensional subspace of F n p with minimum (Hamming) nonzero weight ρ. Let A i denote the number of codewords in C with Hamming weight i . The weight distribution (A 0 , A 1 , . . . , A n ) is an important research object in coding theory because it contains crucial information as to estimate the error correcting capability and allows the computation of the error probability of error detection and correction with respect to some error detection and error correction algorithms [16] .
A linear code C over F p is called cyclic if any cyclic shift of a codeword is another codeword of C. It is well known that any cyclic code of length n over F p corresponds to an ideal of the polynomial residue class ring F p [x] /(x n − 1) and can be expressed as C = g(x) , where g(x) is monic and has the least degree. This polynomial is called the generator polynomial and h(x) = (x n − 1)/g(x) is referred to as the parity-check polynomial of C. Cyclic codes with a few weights are of particular interest in secret sharing schemes and designing frequency hopping sequences. They have been extensively studied in the literature (see [4] , [8] , [11] , [13] , [14] , [20] , [22] , [23] ). In this paper, cyclic codes with τ nonzero weights are called τ -weight cyclic codes.
Let j be the p-cyclotomic coset modular q − 1 containing j , i.e., j = { j · p i mod (q − 1)|i = 0, 1, . . . , l j − 1}, where j is any integer with 0 ≤ j ≤ q − 2 and l j is the smallest positive integer such that j ≡ j · p l j mod (q − 1). Let Z q−1 be the set of integers modulo q − 1 and m i (x) be the minimal polynomial of π −i over F p for a primitive element π in F q . For integers i 1 , . . . , i t ∈ Z q−1 , t ≥ 1 with pairwise disjoint cyclotomic cosets i 1 , . . . , i t , we denote by C (i 1 ,...,i t ) the cyclic code with parity-check polynomial h(x) = m i 1 (x) · · · m i t (x) and write C ⊥ (i 1 ,...,i t ) for its dual code. By the well-known Delsarte's Theorem [7] , one can express the cyclic code C (i 1 ,...,i t ) as
where Tr(·) is the trace mapping from F q to F p . Hence the Hamming weight of the codeword c = (c 0 ,
where S(a 1 , a 2 , . . . , a t ) = x∈F q ω Tr(a 1 x i 1 +a 2 x i 2 +···+a t x i t ) and ω is a primitive p-th root of unity. In this way, the weight distribution of the cyclic code C (i 1 ,...,i t ) can be derived from the value distribution of the multi-set
Perfect nonlinear (PN) and almost perfect nonlinear (APN) functions are important research objects in cryptography and coding theory [1] , [3] , [6] . For p = 2, it is shown in [2] that the monomial x e is APN if and only if the cyclic code C ⊥ (1,e) has optimal minimum distance 5. In [23] , the Gold and Kasami-Welch APN monomials were utilized to construct a class of cyclic codes C ⊥ (1, 3, 13) having the same weight distribution as the triple-error-correcting BCH code C ⊥ (1, 3, 5) . For odd prime p, when x e is a PN monomial over F q , the cyclic codes C (1,e) and C (0,1,e) and their duals were intensively studied in [4] , [12] , [19] , and [21] , where the weight distributions of the cyclic codes C (1,e) and C (0,1,e) were determined and their dual codes were proved to have optimal minimum distances 4 and 5 respectively 1 . Very recently, for p = 3 and some monomials x e including APN ones, the ternary cyclic codes C ⊥
(1,e) and C ⊥ (1,e,s) , where s = (3 m − 1)/2, were shown to have optimal minimum distances 4 and 5 in [10] and [17] . The weight distributions of the proposed cyclic codes and their duals are mostly unknown.
In this paper, for odd integer m ≥ 3, we will derive general conditions on the parameters p, m and e under which C (1,e) is a three-weight code. It turns out that all the three-weight cyclic codes recently found in [5] , [9] , and [26] are special cases of the general construction of this paper and many new three-weight cyclic codes, as demonstrated in Corollaries 1-3, are generated. Furthermore, for p ≡ 3 (mod 4) and a positive integer e satisfying ( p k + 1) · e ≡ 2 (mod p m − 1) for some positive integer k with gcd(m, k) = 1, we will determine the value distributions of the two exponential sums is subsequently used to investigate the weight distribution of the cyclic codes C (1,e,s) . For p = 3 and even e satisfying ( p k + 1) · e ≡ 2 (mod p m − 1), the cyclic codes C ⊥ (1,e,s) have optimal minimum distance 5 [17] .
The remainder of this paper is organized as follows. Section II presents a unified approach to generating three-weight cyclic codes, of which the weight distributions are as well settled. Section III deals with the value distributions of the exponential sums T (a, b) and S (a, b, c) . Section IV determines the weight distribution of the cyclic code C (1,e,s) . Section V concludes this paper. (1,e) is a three-weight code. To this end, we need to introduce earlier results on three-weight cyclic codes C (1,e) .
In [4] and [21] , Carlet et al. employed PN monomials to construct three-weight cyclic codes documented in the following lemma.
Lemma 1 ([4] , [21] ): Let p be an odd prime and m ≥ 3 be odd. Then the cyclic code C (1,e) has length q − 1, dimension 2m, and the weight distribution in Table I if
, where p = 3 and gcd(2m, k) = 1. The second construction in Lemma II was extended to any odd prime p and positive integer k, 1 ≤ k ≤ m − 1, in [20] and [25] .
Lemma 2 ([20] , [25] (1,d) and C (1,e) have the same weight distribution.
Proof: According to (1), the weight distributions of C (1,d) and C (1,e) .
Notice that h and m are odd. The element λ = π
, where π is a primitive element in F p m , is a non-square in F p m . It then follows from p − 1 = 2 r · h that the order of λ in F * p (the least integer t such that λ t = 1) equals 2 r .
When x runs through F * q , x 2 runs twice through the squares in F * q , and λx 2 runs twice through all the non-squares in F * q . Thus,
Note that 2de ≡ 2 (mod p m −1) implies gcd(2d, p m −1) = 2. Thus, when x runs through F * q , x 2d runs twice through the squares in F * q , and λx 2d runs twice through all the non-squares in F * q . Similarly we have
Furthermore, it follows from d + e ≡ 2 (mod 2 r ) and λ 2 r = 1 that
Therefore, the multi-sets
Applying Lemmas II-II, we obtain the following.
Theorem 1: Let m ≥ 3 be odd. (i) Let p ≡ 3 (mod 4). If e is an even integer satisfying
cyclic code with the weight distribution in Table I. ( Table III when e ≡ 1 (mod p − 1).
ii) Let p be any odd prime. If e is an integer satisfying
Proof: (i) When m is odd and p ≡ 3 (mod 4), we have p − 1 = 2 r h with r = 1 and h = ( p − 1)/2 being odd. Set
In addition, we have e + d ≡ 2 (mod 2 r ) as e is even by assumption and d is obviously even.
Since m is odd and
It is clear that d ∈ 1 . Thus, all the conditions in Lemma II are satisfied. Then it follows from Lemmas II and II that C (1,e) has the weight distribution of Table I. (ii) Let p be any odd prime and m be odd. Assume that e is an integer satisfying ( p k + 1)e ≡ 2 (mod p m − 1) for some positive integer k. Then gcd(( p k + 1)e, p m − 1) = 2, and it follows that gcd(
In the case of e ≡ 1 (mod p − 1), let k 0 be an integer
Since m is odd, the integer s = gcd(m, k 0 ) is odd and k 0 /s is even. Note that the cyclic codes C (1,e) are the same when e runs through the cyclotomic coset e . The conclusion thus follows from Lemmas II and II.
Similarly, in the case of e ≡ 1
Since the cyclic codes C (1,e) are the same when e runs through the cyclotomic coset e , it follows from Lemmas II and II that C (1,e) has the weight distribution of Table II since k 1 /s is odd. The proof is completed.
Very recently, a total of twelve classes of three-weight [ p m − 1, 2m] cyclic codes over F p are described in [5] , [26] , and [9] . It can be verified by hand that all the three-weight cyclic codes found in [5] , [26] , and [9] are special cases of the codes in Theorem 1. Furthermore, a closer look at Theorem 1 reveals that many new three-weight cyclic codes can be generated in this way.
The following are three corollaries of Theorem 1, which give new three-weight codes that are not covered in [5] , [9] , and [26] . They demonstrate that Theorem 1 can be employed to generate many new three-weight cyclic codes and settle their weight distributions.
Corollary 1 below is an extension of [26, Th. 6 .11] and [9, Th. 4.8], and produces new three-weight codes that are not covered in [5] , [9] , and [26] when t > 3.
Corollary 1: Let p = 3 and let m Table II , where Table III , where s = 1.
2m] ternary cyclic code with the weight distribution in
s = 1; if e = 3 (m+1)/2 h − 1 h−1 i=1 3 (m+1)/2 i + 1 + (3 m − 1)/2, then C (1,e) is a [3 m − 1,
Proof
conclusion then follows from Theorem 1 (ii).
Corollaries 2 and 3 below document new three-weight codes that are not covered in [5] , [26] , and [9] for p > 3.
Corollary 2: Let m ≥ 3 be odd and p Table I .
Proof:
and ( p m − 1)/2 is odd, the conclusion follows from Theorem 1 (i). Proof:
Thus, for any integer e ∈ S 0 ∪ S 1 , there exists an integer d ∈ {p
In addition, we observe that
and
Then it follows that e ≡ 1+( p −1)/2 (mod p −1) for e ∈ S 0 and e ≡ 1 (mod p − 1) for e ∈ S 1 . The desired conclusion then follows from Theorem 1 (ii).
III. VALUE DISTRIBUTIONS OF THE TWO EXPONENTIAL SUMS
Throughout what follows, we will always assume that m ≥ 3 is an odd integer, p ≡ 3 (mod 4) and e is an integer e satisfying ( p k + 1)e ≡ 2 (mod p m − 1) for some positive integer k with gcd(m, k) = 1. For convenience of presentation, such an integer e is hereafter said to satisfy the Congruence Condition.
In this section, for an integer e satisfying the Congruence Condition, we will study the following multi-sets
where
will be utilized to investigate the weight distribution of the cyclic codes C (1,e,s) in Section IV. Define
For odd m and p ≡ 3 (mod 4), −1 is a non-square in F q . When x runs through F * q , x p k +1 runs twice through the squares in F * q and −x p k +1 runs twice through all the non-squares in F * q . Therefore, for integers e satisfying the Congruence Condition, the exponential sums T (a, b) and S(a, b, c) can be rewritten as
where t = Tr(c).
The value distribution of the exponential sum T 0 (a, b) for odd m ≥ 3 is given in Table IV [13] . In order to determine the value distribution of T (a, b) and S(a, b, c) , we shall study the distribution of T 0 (a, b), T 0 (−a, (−1) e b) when (a, b) runs through F 2 q . When e is an odd integer, as
q , the distribution of T 0 (a, b), T 0 (−a, −b) can be readily settled from Table IV . When e is an even integer, the calculation of the distribution of T 0 (a, b), T 0 (−a, b) is not trivial and we will focus on it in the sequel.
The following two lemmas characterize all possible For i = 0, 1, 2, let
lemma 4 ([13]): Let Q(x) be a quadratic form in m variables
. By Lemmas III and III, for any
Before further studying the value distribution of
where ε ∈ {1, −1}. Some properties of N By Lemma III, for any non-square λ of F * p ,
where r is the rank of the quadratic form The following results are necessary for calculating the distribution of T 0 (a, b), T 0 (−a, b) . Proposition 1: Let N 4 denote the number of tuples (x, y, z, w) ∈ F 4 q satisfying
Then for odd m ≥ 3 and positive integer k with gcd(m, k) = 1,
Proof: See the Appendix.
Proposition 2: For odd m ≥ 3 and positive integer k with
(ii)
where N 2 is the number of the solutions of the following system of equations:
Since x p k +1 = y p k +1 and gcd( p m − 1, p k + 1) = 2, one has x 2 = y 2 . This together with x 2 + y 2 = 0 implies x = y = 0. Thus, we deduce N 2 = 1.
(ii) In a similar manner, we deduce that
where N 4 is the number of the solutions of the following system of equations: 
The conclusion immediately follows from Proposition 1.
With the preparations of Table IV 
is shown in Table V .
Proof: By the definitions of N + ε,i and N − ε,i in (9), for ε 1 , ε 2 ∈ {1, −1} and i 1 , i 2 ∈ {0, 1, 2},
Then one needs to calculate the cardinality of N
It follows from Lemma III (ii) that for any i 1 , i 2 ∈ {0, 1, 2}
Thus it suffices to consider the cases where i 1 · i 2 = 0, namely,
Furthermore, by Lemma 1 (i), for any ε 1 , ε 2 ∈ {1, −1} and
Hence we in the sequel only need to calculate |N
for i 1 ∈ {0, 1, 2} and i 2 = 0 will be directly obtained.
Let λ be a non-square of F * p . Due to Lemma 1 (ii), we get λ(N 
Similarly, Lemma 1 (iv) gives
By Lemma 1 (iii), we can deduce that
For the ease of notations, for i ∈ {0, 2}, denote
and let
From (11)- (16), the reader will observe that the quantities s 0 , s 0 , s 1 ,s 1 , s 2 ,s 2 respectively correspond to the first item to the sixth item of the multiplicities in Table V (12), (13) and (14) yields the following equations
Furthermore, by the correspondences between the first six items of multiplicities in Table V 
). Then Proposition 2 gives two more equations (17) and (18) . Then the distribution of T 0 (a, b), T 0 (−a, b) is determined and listed in Table V .
By (4)- (6), Tables IV and V, we have the following two theorems. IV. WEIGHT DISTRIBUTION OF C (1,e,s) In this section, for odd m ≥ 3 and p ≡ 3 (mod 4), we study the weight distribution of the cyclic codes C (1,e,s) for integers e satisfying the Congruence Condition, i.e., there exist some positive integers k coprime to m such that ( p k + 1)e ≡ 2 (mod p m − 1). Proof: By (1), the Hamming weight of any nonzero codeword c = (c 0 , c 1 , . . . , c q−2 ) ∈ C (1,e,s) is
It suffices to determine the value distribution of (a, b, c). exponential sum (a, b, c) is investigated according to the parity of the integer e in the following. 
where r is the rank of Q(a, b) and the last equality sign comes from Lemma III. Case I: t = 0. In this case, we have
Case II: t = 0. It is easily seen that
Recall that
. According to the value distribution of T 0 (a, b) in Table IV , the weight distribution of C (1,e,s) for odd e can therefore be derived from (19) , (20) and (21) by direct calculations.
When e is an even integer satisfying the Congruence Condition, {S(a, b, c) 
√ p * and the possible values of (r, r ) in (23) imply (25) . Table V , the value distribution of (a, b, c) is given in (26) .
By (19) , (24) and (26), we deduce the weight distribution of C (1,e,s) for even e.
Theorem 5 settles the weight distribution of C (1,e,s) for p ≡ 3 (mod 4) and integers e satisfying the Congruence Condition. For the special case p = 3, it is shown in [17] that the APN monomials x e generate the optimal cyclic codes
(mod 4) [24] .
On the other hand, it is easily verify that the above integers e satisfy the Congruence Condition. We thus have the following corollary. Corollary 4: Let x e be a monomial over F 3 n with V. SUMMARY AND CONCLUDING REMARKS One major contribution of this paper is the development of Theorem 1, which not only unifies the weight distributions of the twelve classes of cyclic codes documented in [5] , [9] , and [26] , but also settles the weight distribution of new threeweight codes C (1,e) with two zeros such as those described in Corollaries 1, 2 and 3. In many cases, the duals of these three-weight codes C (1,e) are optimal [9] , [10] , [26] .
Another major contribution of this paper is the settlement of the weight distributions of a class of cyclic codes C (1,e,s) with three zeros, which is documented in Theorem 5. In many cases the duals of the codes C (1,e,s) are also optimal [17] . Our technique in proving Theorem 5 is similar to that employed in [27] . and all solutions of (35) can be represented as μθ −1 , whereCombining (27) , (30), (43) Therefore, for p ≡ 3 (mod 4)
The analysis on the value of N 4 for p ≡ 1 (mod 4) is similar in spirit to that for p ≡ 3 (mod 4) and is thus omitted. The proof is completed.
